Quantum circuits play a crucial role in quantum information processing and have been realized in various quantum computing platforms. Here, based on common single-and two-qubit elementary quantum gates, we theoretically propose and then experimentally demonstrate an approach to design topologically protected quantum circuits in which spin-orbital coupling and the related topological matter can be digitally simulated, and the hallmarks of topological matter, the edge states and the topological invariants can be directly measured. In particular, a low-depth topological quantum circuit is performed on both IBM and Rigetti quantum processors. In the experiments, we not only observe but also distinguish the 0 and π energy topological edge states through measuring the qubit excitation probability distribution at the output of the circuits. * Electronic address: meifeng@sxu.edu.cn
Introduction. Quantum circuits have a wide range of significant applications ranging from quantum computation [1] to quantum machine learning [2] [3] [4] . Quantum circuits with tens of qubits have been experimentally demonstrated in various qubit systems [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Very recently, the researchers in Google [15] have resoundingly realized a 53-qubit quantum circuit in a programable superconducting quantum processor and exhibited quantum supremacy, which opens up the era of noisy intermediate-scale quantum (NISQ) processors [16] . Nevertheless, to realize large-scale useful quantum information processing or to enhance computational capability of NISQ processors, it is essential and desirable to find a way to make the quantum circuits noiseresilient [16, 17] .
Meanwhile, searching topological phases of matter in synthetic systems recently has become one of the mainstreams of research. For example, topological phases of matter have been generated in a mass of classic electromagnetic and mechanical systems [18] [19] [20] [21] [22] [23] . Via analog quantum simulation, topological states and phenomena also have been observed in ultracold atoms [24] [25] [26] [27] [28] [29] , single-photon [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] and superconducting circuit systems [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . Whereas this approach requires complicated methods to engineer systematic Hamiltonian for implementing the targeted topological models. An appealing alternative to the analog approach is digital quantum simulation [52] [53] [54] [55] [56] , which is only based on elementary quantum gates and forgoes the requirement of so-phisticated experimental technologies. It now has been widely applied to study quantum chemistry [57, 58] , many-body models [59] [60] [61] [62] [63] [64] [65] [66] [67] and high-energy physics [68] [69] [70] [71] [72] [73] [74] . In regard to topology, digitally simulating a topological Hamiltonian has been reported in a single-qubit parameter space [75] . However, it is still unknown how to perform digital simulation of topological matter with a programmable quantum processor.
In this Letter, we theoretically propose and then experimentally demonstrate an approach to design topologically protected noise-resilient quantum circuits and implement digital quantum simulation of topological matter. All the circuits are based on simple single-and two-qubit elementary gates, and the digital approach is exact and without Trotter errors. The topology of the quantum circuits is tunable by varying the rotation angles in the single-qubit gates. The fingerprints of the topological matter, such as the topological invariants and edge states, can be detected at the output of the circuits. Furthermore, we experimentally perform a low-depth topological quantum circuit to simulate onedimensional (1D) topological phases using the currently available IBM and Rigetti quantum processors. Through measuring the qubit excitation probability distribution at the output of the circuit, we observe and distinguish the 0 and π energy topological edge states, which has not been reported before [76] . Finally, we demonstrate the quantum circuits that can be adopted for digital simulation of 2D spin-orbit coupling and the related topological arXiv:2003.06086v1 [quant-ph] 13 Mar 2020 phases. These results are tenable for noisy quantum circuits, which manifests that the topology could provide the quantum circuits a natural protection against gate noises in return. This provides a way to achieve noiseresilient robust quantum circuits. . 1: (a) Mapping the qubits in a quantum circuit into a 1D spinful lattice. The odd and even qubits (Q2x−1, Q2x) are employed to simulate a spin particle in a lattice site (x ↑ , x ↓ ). (b) Quantum circuit for implementing two-site spin-orbit coupling.
Quantum circuits for spin-orbit coupling and the related topological matter. Spin-orbit coupling is an essential ingredient to generate topological phases of matter [25, 77, 78] . Here we will first address our approach to implement digital simulation of spin-orbit coupling using programmable quantum circuits. Consider a quantum circuit constituted by a qubit array with 2N qubits. The ground and excited states of each qubit are labelled as |g and |e respectively. As shown in Fig. 1(a) , we map the qubit array into a lattice with spin particles. When all the qubits are prepared in the ground state, it is corresponding to the vacuum state of the simulated lattice |vac = |gg · · · gg . Flipping one of the qubits in the qubit array into the excited state |e simulates the creation of a particle in the lattice. Specifically, exciting the odd (even) qubit Q 2x−1 (Q 2x ) creates a spin up (down) particle at the lattice site x. The corresponding raising operators are mapped to the creation operators through
Then the coupling between the qubits Q 2x−1 and Q 2x simulates the on-site spin rotationH o (x) = J o a † x,↑ a x,↓ + H.c.. While the coupling between the qubits Q 2x and Q 2x+1 simulates the two-site spin-orbit coupling
We now show that the time evolution of the spin-orbit couplings and on-site spin rotations can be exactly programmed on a quantum circuit consisting of sequences of universal quantum gates. Typically, current quantum processors are mainly based on universal two-and singlequbit gates. Without loss of generality, we programme the time evolution of the two-site spin-orbit couplingH s with two-and single-qubit quantum gates acting on the qubits (Q 2x , Q 2x+1 ). After an evolution time t, the evolution operator for the above Hamiltonian is expressed as U (t) = e −iHst . Note that the excitation number in the qubit array is conserved. Then, if the initial input state of the circuit is a single excitation state, the time evolution only works in the single excitation subspace. Specifically, the single excitation subspace for the two qubits (Q 2x , Q 2x+1 ) is {|ge , |eg }. In this subspace, the time evolution operator can be rewritten as
where θ = J s t. We find that such time evolution operation can be exactly programmed on a quantum computer through a composite universal two-qubit quantum gate U formed by four two-qubit controlled-NOT (CNOT) and four single-qubit rotation gates, i.e.,
where Y ± (θ) = e ∓i θ 2 σy and Z ± = e ∓i 3π 4 σz , with θ being a rotation angle in the single-qubit gates. The corresponding quantum circuit is shown in Fig. 1(b) . One can easily demonstrate that this circuit acts only on the single excitation qubit states {|ge , |eg }, leaving the other two states {|gg , |ee } unchanged. Similarly, the time evolution governed by the on-site spin rotation in the lattice site x can be programmed through the composite quantum gate U acting on the two qubits (Q 2x−1 , Q 2x ).
Topological phases can be digitally simulated through the above programmable pairwise spin-orbit couplings and on-site spin rotations in quantum circuits. Specifically, the basic idea is to construct a quantum circuit to programme the following time evolution operation with one period time T
which describes a topological quantum matter with an effective Hamiltonian H ef f . We will illustrate the approach with typical examples in one and two dimensional topological matter, and the generalization of the method to much higher dimensions is straightforward. Quantum circuits for 1D topological matter. To simulate a 1D topological phases, as illustrated in Fig. 2(a) , we construct a topological quantum circuit with three steps of parallel two-qubit composite quantum gates U , i.e,
where U (η) Qm,Qn denotes the quantum gate U (η) acting on the qubits Q m and Q n . As we can see, the first (third) and second steps, simulate the time evolution of pairwise on-site spin rotations and pairwise two-site spinorbit couplings, respectively. Suppose the evolution time for each step is T /3. The three-step parallel quantum gate operations programme the following time evolution
where 
where U 1 ( = 0, π) is the periodized evolution operator defined by U 1 in the momentum space [1, 2] . The values of ν 0 and ν π are numerically calculated in Fig. 2(b) . As we can see, via changing the rotation angles (α, β) in the single-qubit quantum gates, the quantum circuit can be flexibly tuned into various topological phases characterized by ν 0 = 0, 1 and ν π = 0, 1. Interestingly, through measuring mean displacements [3, 35] , we find that the winding numbers (ν 0 , ν π ) can be directly detected via two quantum circuits (U 1 ) n and (U 1 ) n [79], where the starting point in U 1 is the composite gate U (β) instead of U ( α 2 ). Suppose the input state for both circuits is |ψ in = |gg...e...gg . At the output of the circuit, we measure the mean displacementP = ψ out | N x=1 x|e Q2x e|)|ψ out , where |ψ out = (U 1 ) n |ψ in . As shown in Fig. 2(c) , the values of the winding numbers (ν 0 , ν π ) are equal to the oscillation center of the mean displacements (P 0 = −P −P , P π =P −P ) which can be derived from the even qubit excitation probability distribution at the output of the circuit [79] .
Experimental implementation on quantum processors. Free access IBM [83] and Rigetti [84] quantum processors recently have been successfully applied to prepare and study many-body quantum states [85] [86] [87] [88] .
Here we perform a topological quantum circuit on both IBM and Rigetti quantum processors.
Specifically, a six-qubit quantum circuit (U 1 ) 2 is programmed on ibm 16 melbourne and Aspen-4 superconducting quantum processors [79] . All experiments are performed with a large number of measurements to reduce statistical errors. The appearance of topological edge states is a hallmark of topological phases. In the topological quantum circuits, topological edge modes appear both at E = 0 and at E = π, with the number of modes determined by ν 0 and ν π respectively [79]. Using the six-qubit topological circuit, we demonstrate a method to observe and distinguish the 0 and π topological edge states.
In Supplemental Material, we show a method to analytically derive the wave functions of the edge states associated with the Floquet topological phases. In particular, the wave functions of the topological edge states localized at the left boundary with the energy E = 0 or π are derived as
. Interestingly, one can see that the probability of the qubit excitations in |ψ 0(π) L is maximal in the leftmost odd (even) qubit Q 1 (Q 2 ). Such feature allows us to experimentally observe and discriminate the 0 and π energy topological edge states.
To observe the topological edge states |ψ 0(π) L , the initial input state for the circuit is prepared at |ψ 0(π) in = |eggggg (|gegggg ), which yields the output state |ψ 0(π) out = (U 1 ) 2 |ψ 0(π) in . The measured qubit excitation probability distributions at the output of the circuit acquired from the IBM quantum processor are shown in Fig. 3 . When the topological quantum circuit is tuned Qubit Index into the topological phase with ν 0 = 1 (ν π = 1) and supports one 0 (π) energy edge state, as shown in Figs. 3(e) and 3(g) (Figs. 3(d) and 3(h)), the qubit excitation at the output of the circuit maximally populates the leftmost odd (even) qubit Q 1 (Q 2 ). The reason is that the initial input state |ψ 0(π) in has a large overlap with |ψ 0(π) L , then the qubit excitation mainly evolves in the circuit based on the 0 (π) energy edge state wave packet and always maximally localizes in the leftmost odd (even) qubit Q 1 (Q 2 ). In contrast, as shown in Figs. 3(a) and 3(c) (Figs. 3(b) and 3(f)), when the quantum circuits are tuned into the trivial phases with ν 0 = 0 (ν π = 0) and thus there is no overlap with the topological edge states |ψ 0(π) L , the qubit excitations are transferred into the bulk of the circuit and do not maximally populate the leftmost edge qubits. This is because in this case the initial state is a superposition of different Bloch bulk states and the qubit excitations transfer in the circuit via the bulk state wave packets. Therefore, the 0 and π energy topological edge states can be distinguished by observing whether the leftmost odd qubit Q 1 or the leftmost even qubit Q 2 is maximally excited. The experimental results acquired from the Rigetti quantum processor are shown in Supplemental Material and also demonstrate the similar results [79]. In Fig. 3 , we have also shown the theoretical simulation results when the fidelities of the composite two-qubit gates are reduced to 0.95. The mismatch between the experimental and the theoretical results is due to the errors caused by the crosstalk in the quantum gates and the imperfections in state readouts [79] . However, due to the topological protection, the edge state localization still can be unambiguously observed in noisy quantum circuits.
, Quantum circuits for 2D topological matter. Our approach is universal and can be applied for highdimensional systems. As an example, we show how to design quantum circuits protected by 2D topology. Like in 1D case, we exploit two qubits Q U x,y and Q D x,y to simulate a site of a 2D spinful lattice (see Fig. 4 (a)), where the raising operators |e Q U x,y g| and |e Q D x,y g| are mapped to the creation operators a † x,y,↑ and a † x,y,↓ respectively. Suppose a U 2 -based quantum circuit can simulate the time evolution of a 2D topological Hamiltonian H 2 . As shown in Fig. 4(b) , we find such circuit can be constructed as
where the quantum gate U ( 
where H os = x,yH o (x, y), H sx = x,yH sx (x, y) and H sy = x,yH sy (x, y), with J os = 3π/4T , J sx = 3γ/4T and J sy = 3δ/2T . The time evolution operators in Eqs. (60) and (63) can be rewritten as U 2 = e −iH2T with the effective Hamiltonian H 2 given by Eq. (S56) in Supplemental Material [79] . The topology of the U 2 -based quantum circuit is characterized by the Floquet topological winding number [4, 5] . U 2 is the periodized evolution operator defined by U 2 in the momentum space. In Fig. 4 (c), we have shown the rich topological phase diagram versus different single-qubit rotation angles (γ, δ). There are four different 2D Floquet topological phases featured by W 0 = 0, 1 and W π = 0, 1.
In particular, the Chern number for the Floquet topological phase (W 0 = 1, W π = 1) is zero but the system supports topological edge states [79] . Topological edge states can be used as topologically protected quantum channels to transfer quantum state [91] [92] [93] [94] . Suppose the qubit Q U x=1,y=1 is initially excited, as the input state of the quantum circuit shown in Fig. 4(b) . We have deliberately introduced imperfections to reduce the fidelity of each two-qubit composite gate in the circuit to 0.9. The qubit excitation probability distribution at the output of this noisy quantum circuit is shown in Fig. 4(d) [79]. It turns out that the qubit excitation state still can be transferred along the edges via the edge state quantum channel, which reflects the power of the quantum circuit with topological protection.
In summary, our theory and experiment have demonstrated topologically protected quantum circuits through which spin-orbit couplings and topological phases of matter can be digitally simulated. This approach is generic and could be used to simulate a wide variety of complex spin-orbit couplings and the related topological phases of matter that are intractable for analog quantum simulation approach. When putting multiple qubit excitations into the topological quantum circuits, interacting topological states could be further explored in NISQ processors, which are beyond the computation capability of current classical computers and expected to show quantum advantage. Moreover, topological quantum circuits also provide a unique opportunity towards topological quantum information processing [95] [96] [97] . It would be quite interesting to further explore certain topological quantum information processing tasks via topological quantum circuits.
SUPPLEMENTARY MATERIALS
Digital quantum simulation of 1D spin-orbit couplings and topological insulators
U1-based topological quantum circuit
As shown in the main text, the quantum circuit for realizing digital quantum simulation (DQS) of 1D topological insulator is constituted by the quantum gate U 1 , i.e.,
which realize DQS of the following time evolution
Here H o and H s are the on-site spin rotations and 1D spin-orbit couplings, respectively, i.e.,
where J o = 3α/4T and J s = 3β/2T . It is equivalent to the time evolution of a Floquet Hamiltonin H 1 evolving over one period, i.e.,
By transforming H o and H s into the quasimomemtum space, we get
where τ x = a † kx↑ a kx↓ + a † kx↓ a kx↑ and τ y = −ia † kx↑ a kx↓ + ia † kx↓ a kx↑ are the Pauli matrixes. Through substituting the above equation into Eq. (12), we can derive the Floquet Hamiltonian H 1 as
where
,
It is easy to check that the Hamiltonian is protected by the chiral symmetry,
where Γ = τ z is the chiral symmetry operator. It implies that the system can support chiral topological insulator phases.
The topology of the 1D Floquet Hamiltonian H 1 is characterized by one pair of topological winding numbers (ν 0 , ν π ) characterizing the number of the topological edge states at the 0 and π energies respectively. The topological winding number is defined as
where U 1 ( = 0, π) is the periodized evolution operator defined by U 1 in the momentum space [1] . In Fig. 5 , we have numerically calculated the topological phase diagram varying with the single-qubit rotation angles α and β. As we can see, there are four different topological winding numbers (ν 0 , ν π ), i.e. four different topological phases with the topological winding numbers ν 0 = 0, 1 and ν π = 0, 1. Specifically, the case (ν 0 = 0, ν π = 0) is corresponding to trivial topological phase and the other three cases corresponding to nontrivial topological insulator phases. Topological phase transition is always accompanied by a gap closing. In our Floqute system, there are two energy gaps around the 0 and π energies. It means that, if the topological winding number ν 0(π) changes, there exists a gap closing at E = 0(π). This point has been clearly demonstrate in Fig. 5 . One can find that the topological phase transition between (ν 0 = 0, ν π = 0) and (ν 0 = 0, ν π = 1) is accompanied by a gap closing at E = π. In contrast, the topological phase transition between (ν 0 = 0, ν π = 1) and (ν 0 = 1, ν π = 0) is accompanied by gap closings at E = 0 and E = π.
= 0 (0,0) (0,0) 
Measuring topological winding numbers via quantum circuits
In this section, we will demonstrate that the topological winding numbers (ν 0 , ν π ) can be directly detected via quantum circuits. For this purpose, we need to introduce two quantum circuits which are based on the quantum gates U 1 and U 1 . In the U 1 -based quantum circuit, the starting point is the composite quantum gate U ( α 2 ) Q2x−1,Q2x . While in the U 1 -based quantum circuit, the starting point is the composite quantum gate U ( β 2 ) Q2x,Q2x+1 . The whole gate sequence for U 1 -based quantum circuit is expressed as
Similarly, the Floquet Hamiltonian H 1 associated with U 1 is derived as
where cos(E) = cos(
In such symmetry time frame, we can define two topological winding numbers ν and ν
which are defined by the effective Hamitonians H 1 and H 1 . Previous study [1] has shown that the definition in Eq. (17) for the topological winding numbers (ν 0 , ν π ) associated with U 1 is equivalent to the one based on a symmetry time frame [2] , i.e.,
The difference is that the topological winding numbers ν and ν can be detected, which allows us to further detect the topological winding numbers ν 0 and ν π . Let us firstly take the measurement of ν as an example. The quantum circuit for measuring ν is shown in Fig. 6(a) , which is constituted by n cycles of quantum gate U 1 . When the input qubit state of the quantum circuit is prepared into a single-excitation state, in which one of the odd qubits Q 2x−1 in the middle of the circuit has been excited and the other qubits stay in the ground state, the topological winding number ν can be directly detected by measuring the excitation probabilities of the even qubits Q 2x at the output of the circuit. Suppose the input state of the quantum circuit is |ψ in = |gg · · · e · · · gg ,
where one of the odd qubits Q 2x−1 in the middle of the circuit has been excited. After n cycles of quantum gate U 1 acting on |ψ in , the output state becomes
Now we introduce a displacement operator [2] 
Then the mean displacement associated with the output state |ψ out is derived as
In order to see the relationship between the mean displacement and the topological winding number, we need to rewrite U 1 andP in the quasimomentum space, i.e.,
By substituting them into Eqs. (24) and (26), we can get ψ out |i∂ kx a † kx↑ a kx↑ |ψ out = 0, ψ out |i∂ kx a † kx↓ a kx↓ |ψ out = − ν 2 + 1 4π dk x cos(2EnT )(n x ∂ kx n y − n y ∂ kx n x ).
When n is very large, the topological winding number can be connected with the mean displacement through
where P = lim Ns→∞ 1 Ns
Ns 0 dnP (n) is the oscillation center ofP (n) varying with n. Similarly, we can programme a quantum circuit based on quantum gate U 1 to measure the mean displacement
Then the topological winding number can be detected through
Ns 0 dnP (n) is the oscillation center ofP (n) varying with n. Specifically, for α = 1.3π and β = 1.6π, based on Eq. (21), the values of the topological winding numbers are calculated as (ν = 0, ν = 2). For this case, we have numerically calculatedP andP as a function of n in Fig. 6(b) . The results show that the oscillation centers ofP andP are equal to 0 and −1 respectively. Based on Eqs. (29) and (32), we can get (ν = 0, ν = 2), agreeing well with the results calculated from Eq. (21) . Note that bothP andP can be detected by measuring the excitation probabilities of the even qubits Q 2x at the output of the circuit, i.e.,
To further measure the topological winding numbers (ν 0 , ν π ), we define two new mean displacements
According to Eqs. (22) , (29) and (32), we find that
It means that the values of topological winding numbers (ν 0 , ν π ) are equal to the oscillation centers of the mean displacementsP 0 andP π . In Fig. 6(c) , we have numerically calculatedP 0 andP π as a function of β for α = 1.3π. One can find that the oscillation centers ofP 0 andP π agree well with the values of the topological winding numbers (ν 0 , ν π ) shown in Fig. 2(c) of the main text. Specifically, for α = 1.3π and β = 1.6π, ν 0 = 1 and ν π = 1, one can find bothP 0 andP π oscillate around 1. Therefore, in this way, the topological winding numbers (ν 0 , ν π ) characterizing the number of 0 and π energy topological edge states can be unambiguously detected through quantum circuits by measuring the even qubit excitation probability distribution at the output of the circuits. 
The correspondence between topological winding numbers and topological edge states
According to the bulk-edge correspondence associated with topological phases, the value of bulk topological invariant counts the number of in-gap topological edge states. In our system, there are two energy gaps around E = 0 and E = π. The topological winding number ν 0(π) counts the number of the left or right topological edge states at E = 0 (π). In Fig. 7 , we have calculated the edge state energy spectra of H 1 in different topological phases. When ν 0 = 0 and ν π = 0, the result in Fig. 7(a) shows that there is no in-gap edge states; When ν 0 = 0 and ν π = 1, the result in Fig. 7(b) shows that there exist one pair of degenerate topological edge states at E = π, i.e. one left and one right topological edge states with their eigenenergies as E = π (π and −π is same for the eigenenergy of the Floquet system); When ν 0 = 1 and ν π = 0, as shown in Fig. 7(c) , there exist one left and one right topological edge states with their eigenenergies as E = 0; While for ν 0 = 1 and ν π = 1, the result in Fig. 7(d) shows that there exist one pair of left and right in-gap edge states at E = 0 and one pair at E = π. The left or right topological edge states mean that the states maximally localize around the leftmost or rightmost edge of the system. Their wave functions are analytically derived in the following section.
The wave functions of 0 and π energy topological edge states
In this section, we will show our method to analytically derive the wave functions of the topological edge states in a Floquet topological system. Suppose the circuit is made up of 2N qubits. The wave functions of the topological edge states are described by the following ansatz
where σ † id = |e Q id g|, with id = 2x − 1, 2x. Denote the eigenenergy corresponding to the edge state as E. Then the time evolution of the edge state over one period in the digitalized topology simulator can be described as
where U 1 is the Floquet propagator. Substituting U 1 and Eq. (36) into the above equation, we obtain
Based on comprising the left and right side of the above equation, we can further get
Through separately substitutingc 2x−2 andc 2x+1 derived from Eq. (42) and Eq. (41) into Eq. (41) and Eq. (42), we can get
The above two equations can be further rewritten in a matrix form, i.e.,
It further gives
where the transfer matrix
.
Suppose the eigenvalues and eigenvectors of the transfer matrix are {λ 1 , λ 2 } and {|χ 1 , |χ 2 }, then the amplitude of the edge state at x can be derived as
where x > 1 and S = ( |χ 1 , |χ 2 ).
For the 0 energy edge state, i.e., E = 0, we can get
One can observe that λ 1 λ 2 = 1. We have numerically checked that the condition |λ 1 | = |λ 2 | = 1 is corresponding to the gap closing points at E = 0 in the phase diagram shown in Fig. 5 . When the system is in the topological phase with ν 0 = 1, we can find that |λ 1 | < 1 and |λ 2 | > 1. It means that there exist one left and one right 0 energy edge states. It is straightforward to find that, for the left (right) 0 energy edge state, (c 1,↑ , c 1,↓ ) T = |χ 1 (|χ 2 ). Then the wave function of the left and right 0 energy edge state can be derived as
For the π energy edge state, i.e., E = π, the eigenvalues and eigenvectors of the transfer matrix are derived as
whereλ 1λ2 = 1. Similarly, we have also numerically checked that the condition |λ 1 | = |λ 2 | = 1 is corresponding to the gap closing points at E = π shown in Fig. 5 . When the system is in the topological phase with ν π = 1, one can find thatλ 1 > 1 andλ 2 < 1. Similar to the analysis done for the 0 energy edge state, we can get the left and right π energy edge state as Observing 0 and π energy topological edge states on IBM and Rigetti quantum processors By using the IBM quantum processor ibm 16 melbourne and the Rigetti quantum processor Aspen-4, we conduct an experiment to implement a low-depth topological quantum circuit and exploit it to further detect the emerged topological edge states. The connectivity maps of the two processors are shown in Fig. 8 . Specifically, we will perform a six-qubit topological quantum circuit (U 1 ) 2 as shown in Fig. 9(a) . In both processors, we choose six qubits with relatively high gate fidelities and low readout errors as the qubits (Q 1 , Q 2 , Q 3 , Q 4 , Q 5 , Q 6 ) in the topological circuit. For the IBM quantum processor, the six qubits are (Q0, Q1, Q2, Q3, Q4, Q5), where the average errors of the single-qubit gates is ∼ 10 −3 , the average errors of the two-qubit gate and readout are both ∼ 10 −2 . For the Rigetti quantum processor, the six qubits are (Q15, Q14, Q13, Q12, Q11, Q10), where the average fidelity of the state readout is 0.9582, the average fidelities of the single-and two-qubit gates are 0.9967 and 0.9302 respectively. To reduce the statistic errors for each data, all experiments are performed with 8192 and 100000 shots on the IBM and Rigetti quantum processors respectively. We also use post-selection to discard the data out of single-excitation subspace. The experimental results acquired from the IBM processor are shown in the main text and from the Rigetti quantum processor are shown here in Fig. 7(b-i) . We will show that the signatures of the topological edge states still can be clearly observed from currently available noisy quantum processors, which manifests the topological protection.
Throughout this work, we only focus on how to observe and distinguish the 0 and π energy topological edge states localized at the left edge. The method also can be applied to observe the right topological edge states. From Eq. (52) and Eq. (55), we can see that both the wave functions of the 0 and π energy left topological edge states have two characteristics. Specifically, the qubit excitation in the left 0 (π) energy topological edge state (i) maximally populates the leftmost odd (even) qubit Q 1 (Q 2 ) and (ii) only populates the odd (even) qubit Q 2x−1 (Q 2x ). It is worth noting that, if the qubit number or the size of the simulated lattice is small, finite size effect should be taken into account. This effect leads to a coupling between the 0 (π) energy left and right edge states, with the corresponding coupling strength expressed as t 0(π) = ψ 0(π) L |H 1 |ψ 0(π) R . In this case, the wave functions of the 0 and π energy left edge states becomes superposition of |ψ 0(π) L and |ψ 0(π) R , i.e. the qubit excitation populates both the odd and even qubits. It means that, the characteristic (ii) of the wave functions of the topological edge states can not be manifested in our small quantum circuit consisting of six qubits. However, the characteristic (i) still holds and enables us to observe and distinguish the 0 and π energy left topological edge states.
To observe the 0 energy left topological edge state, the input state of the topological quantum circuit is given by
where the leftmost odd qubit Q 1 is excited and the other qubits stay in the ground state. After twice U 1 operations, the output state of the circuit becomes
The measured qubit excitation probability distributions at the output of the circuit are shown in Figs. 9(b,d,f,h) . For Figs. 9(f) and 9(h), the quantum circuits are tuned into the topological phases with ν 0 = 1, supporting one 0 energy left topological edge state, one can find that the output qubit excitation maximally populates the leftmost odd qubit Q 1 . The reason is that the initial input state |ψ 0 in has a large overlap with |ψ 0 L , then the qubit excitation mainly evolves in the circuit based on the 0 energy left edge state wave packet and always maximally localizes in the leftmost odd qubit Q 1 . In contrast, as shown in Figs. 9(b) and 9(d), when the quantum circuits are tuned into the topological phases with ν 0 = 0, where there is no 0 energy left topological edge state, the qubit excitation are transferred into the middle of the circuit and do not maximally populate the leftmost qubit Q 1 . This is because in this case the initial state is a superposition of different Bloch bulk states. The qubit excitation transfers in the circuit via the bulk state wave packets and does not support edge state maximal localization.
The input state for observing the π energy topological edge state at the left edge is
where the leftmost even qubit Q 2 is excited and the other qubits stay in the ground state. The corresponding output state after the topological quantum circuit is given by
The measured qubit excitation probability distributions at the output for this case are shown in Figs. 9(c,e,g,i). When the quantum circuits are tuned into the topological phases with ν π = 1 and support one π energy left topological edge state, as shown in Figs. 9(e) and 9(i), the output qubit excitation maximally populates the leftmost even qubit Q 2 . This is because the initial input state |ψ π in in this case has a large overlap with |ψ π L . Then the qubit excitation mainly transfers in the circuit via the π energy left edge state wave packet and maximally populates the leftmost even qubit Q 1 . In contrast, as shown in Figs. 9(c) and 9(g), when the quantum circuits are tuned into the topological phases with ν π = 0, where there is no π energy left topological edge state, the initial state is a superposition of different Bloch bulk states and the qubit excitation moves into the bulk of the circuit and does not maximally show in the left edge of the circuit. The disagreement between the theoretical and experimental results is caused by the accumulate errors in the gates and state readouts. In this way, the 0 and π energy topological edge states not only can be observed, but also can be distinguished. Digital quantum simulation of 2D spin-orbit couplings and topological insulators
U2-based topological quantum circuit
The quantum circuit for realizing DQS of 2D topological insulator is constituted by the quantum gate U 2 , i.e.,
which realize DQS of the following time evolution 10: (a) The values of the Floquet topological winding number (W0, Wπ) varying with different single-qubit rotation angles (γ, δ). Different topological phases are separated by the gap closings at E = 0, π. Quasienergy spectra of H2 with open boundary along the x direction and periodic boundary along the y direction for (b) γ = π and β = 0.5π; (c) γ = π and β = 1.5π; (d) γ = 1.9π and δ = 0.8π; (e) γ = 0.2π and δ = 0.1π.
Anomalous topological insulators
The topological feature of the 2D Floquet Hamiltonian H 2 is characterized by the Floquet winding number
where U 2 ( = 0, π) is the periodized evolution operator defined by U 2 [4, 5] . Specifically, the Floquet topological winding number W 0(π) characterize the topology of the energy gap centered around 0 (π). In Fig. 10(a) , we have numerically calculated the values of the Floquet topological winding numbers (W 0 , W π ) versus different single-qubit rotation angles. One can find that, if the Floquet topological winding number W 0(π) changes between different regions, there accompanies a gap closing at E = 0(π). According to the bulk-edge correspondence, the value of the Floquet topological winding number W 0 (π) gives the number of the edge state in the gap centered around 0 (π). This is demonstrated by the edge state energy spectrum shown in Figs. 10(b-e ).
The topology of the Floquet energy bands are characterized by the Floquet topological Chern number C = 1 4π 2π 0 dk x 2π 0 dk y n · (∂ kx n × ∂ ky n),
where n = (n x , n y , n z )/ n 2 x + n 2 y + n 2 z . For the lower (upper) Floquet band, the Chern number can be related to the Floquet winding numbers through C l(u) = W 0(π) − W π(0) . Then one can find that, for the topological phase with (W 0 = 1, W π = 1), the Chern number value is trivial, i.e. C = 0. However, as shown in Fig. 10(d) , this phase does support topological edge states. Such anomalous topological insulator phase only appears in Floquet topological systems and does not exist in static topological systems. 
Observing 2D topological edge states in quantum circuits
The existence of topological edge states marks the emergence of topological phases. In this section, we will show how to observe the 2D topological edge states when the quantum circuit is tuned into 2D topological phase. In particular, we will take the anomalous topological insulator phase (C = 0) and the trivial topological phase as an example. Our method can be used to observe the topological edge states emerged in the topological circuit with C = ±1.
To observe the topological edge states, as shown in Fig. 11(a) , we chose to excite the qubit Q U x=1,y=1 (labelled by a red filled circle in Fig. 11 ) at the initial time. It means that the input state of the U 2 -based quantum circuit is |ψ in = |egg...ggg .
After n times U 2 operations, the output state of the circuit can be derived as |ψ out = (U 2 ) n |ψ in .
The qubit excitation probability distribution at the output of the circuit is mapped to the density distribution in the 2D lattice and plotted in Figs. 11(b,c,d,e ), where the density in the lattice site (x, y) is defined as P (x, y) = ψ out |(|e Q U x,y e| + |e Q D x,y e|)|ψ out .
Figs. 11(b,c) are corresponding to the case when the quantum circuit is in the anomalous topological insulator phase. We can find that the qubit excitation starting from the southwest corner denoted by the filled circle transfers along the lower edge and further go to the right edge after passing the southeast corner. This is because the system has edge
